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A WEAKLY SECOND ORDER DIFFERENTIAL STRUCTURE ON
RECTIFIABLE METRIC MEASURE SPACES
SHOUHEI HONDA
Abstract. We give the definition of angles on a Gromov-Hausdorff limit space of a
sequence of complete n-dimensional Riemannian manifolds with a lower Ricci curvature
bound. We apply this to prove there is a weakly second order differential structure on
these spaces and prove there is a unique Levi-Civita connection allowing us to define the
Hessian of a twice differentiable function.
1. Introduction
Let X be a metric space. We say that a map γ from [0, l] to X is a minimal geodesic
if γ is an isometric embedding. Let γ1 and γ2 be minimal geodesics on X beginning at a
point x ∈ X . Define the angle ∠γ˙1γ˙2 ∈ [0, π] between γ1 and γ2 at x by
(1) cos∠γ˙1γ˙2 = lim
t→0
2t2 − γ1(t), γ2(t)
2
2t2
if the limit exists, where x, y is the distance between x and y.
This notion of an angle is crucial in the study metric spaces. For example, on Alexan-
drov spaces (or CAT(κ)-spaces), the angle between every two minimal geodesics beginning
at a common point always exists. The existence directly follows from some monotonicity
property induced by Toponogov’s comparison inequality. Roughly speaking, the mono-
tonicity property is closely related to a lower (or upper) bound of sectional curvature of
the space. See for instance a fundamental work about Alexandrov spaces [2] by Burago-
Gromov-Perelman. Note that in general, angles are not well-defined.
Now we consider the following question:
Question: is the angle between two given minimal geodesics beginning at a common
point on a metric (measure) space with a lower Ricci curvature bound well-defined?
Since the angle on Alexandrov space is well-defined, the answer to the question is
affirmative under a lower bound of sectional curvature. There are many important works
for a lower Ricci curvature bounds on metric measure spaces. See for instance [34, 42,
43, 33, 45] by Lott-Villani, Ohta and Sturm. Note that a typical example of them is a
Gromov-Hausdorff limit space of a sequence of Riemannian manifolds with a lower Ricci
curvature bound.
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In this paper we prove that on limits of manifolds with lower Ricci curvature bounds,
the answer is ALMOST POSITIVE, in a way which we will soon make more precise in
Theorem 1.2. First we observe that the following Colding-Naber’s recent very interesting
result implies that in general, an answer to the question above is NEGATIVE :
Theorem 1.1. [13, Theorems 1.2 and 1.3] For every n ≥ 3, there exists a pointed
proper metric space (Y, p) with the following properties:
(1) (Y, p) is a noncollapsing Gromov-Hausdorff limit space of a sequence of pointed n-
dimensional complete Riemannian manifolds with a lower Ricci curvature bound.
(2) All points of Y are regular points. Moreover, Y is a uniform Reifenberg space.
(3) For every two minimal geodesics γ1, γ2 beginning at p and every θ ∈ [0, π], there
exists a sequence ti → 0 such that
(2) cos θ = lim
i→∞
2t2i − γ1(ti), γ2(ti)
2
2t2i
.
Note that (Y, p) as above has some nice properties. See [13, Theorem 1.2] by Colding-
Naber for the details. This important example implies that even on a metric space with
a lower Ricci curvature bound and nice properties, in general, angles are not well-defined.
In order to give the first main theorem of this paper, let (M∞, m∞) be a Gromov-
Hausdorff limit space of a sequence of pointed complete n-dimensional Riemannian man-
ifolds {(Mi, mi)}i<∞ with RicMi ≥ −(n − 1). See [5, 6, 7, 8] for the wonderful structure
theory ofM∞ developed by Cheeger-Colding. The following is the first main result of this
paper:
Theorem 1.2. Let p, q ∈ M∞ \ {m∞} with m∞ 6∈ Cp ∪ Cq. Then the angle ∠pm∞q ∈
[0, π] of pm∞q is well-defined. In fact, we have
(3) cos∠pm∞q = lim
t→0
2t2 − γp(t), γq(t)
2
2t2
for any minimal geodesics γp from m∞ to p and γq from m∞ to q, where Cp is the cut
locus of p defined by Cp = {x ∈M∞; p, x+ x, z > p, z for every z ∈M∞ \ {x}}.
Theorem 1.2 implies that
Corollary 1.3. The angle between any pair of minimal geodesics, γi : [0, li] → M∞
beginning at x ∈M∞ is well-defined as long as they can be extended minimally through x,
∃ǫ > 0 such that γi : [−ǫ, ǫ]→M∞ is minimal.
In [21, Theorem 3.2], the cut locus is shown to have measure zero with respect to any
limit measure, υ, on M∞,
Corollary 1.4. For every p, q ∈ M∞, the angle ∠pxq is well-defined for υ-almost
every x ∈M∞.
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See Theorem 4.4 for the proof of Theorem 1.2. See also [12, Corollary A.4] by Colding-
Naber.
We will also discuss some Ho¨lder continuity of angles (Corollary 4.8) and show the
existence of the weakly C1,α-structure on M∞ in some sense (Corollary 4.9) for some
α = α(n) < 1.
The second main result of this paper is the following:
Theorem 1.5. M∞ has a weakly second order differential structure.
See Definition 3.16 for the precise definition of a weakly second order differential struc-
ture on metric (measure) spaces. Note that this second order differential structure is
better than the C1,α-structure above in some sense. In fact, for instance, we can give
a suitable definition of twice differentiable functions on a space having a weakly second
order differential structure (Definition 3.20). We will show that all eigenfunctions with
respect to the Dirichlet problem on M∞ are weakly twice differentiable (Corollary 4.20).
On the other hand, Cheeger defined a notion of a weak Riemannian metric in Section
4 of [3] which is known to be well-defined on M∞ by Section 7 of [8] by Cheeger-Colding.
We will review the definition of this notion in Theorems 2.2 and 2.3. We will show that
the Riemannian metric of M∞ is Lipschitz in some sense with respect to a weakly second
order differential structure as in Theorem 1.5. See Theorem 4.17. As corollaries, we will
show that the Levi-Civita connection on M∞ exists uniquely (Theorem 3.25), and study
the Hessian of a twice differentiable function (Proposition 3.26).
For example, let (Z, z) be a noncollapsing Gromov-Hausdorff limit of a sequence of
pointed complete n-dimensional Einstein manifolds {(Mˆi, mˆi)}i with RicMˆi = H(n − 1),
where H is a fixed real number. Then in [6] Cheeger-Colding showed that the regular
set R of Z is open and a smooth Riemannian manifold. We see that the Levi-Civita
connection given in this paper coincides with that defined by the smooth structure of R.
See Theorems 2.3, 3.25, 4.17 and [6, Theorem 7.3] for the details.
Next we give a remark about Theorem 1.5. For that, we now recall a celebrated
work for (measurable) differentiable structure on metric measure spaces by Cheeger. In
[3], Cheeger showed that a metric measure space satisfying the Poincare´ inequality and
doubling condition has a differentiable structure in some sense. For instance, we can also
find very interesting examples of them in [32, 37] by Laakso and Pansu. See also [28] by
Keith. Note that M∞ with a limit measure is a typical example of them. It is important
that we can discuss the once differentiability for functions on such metric measure spaces.
In fact, it is shown that all Lipschitz functions on such spaces are differentiable almost
everywhere in some sense, as in Rademacher’s theorem [40]. On the other hand, in general,
it seems that it is not easy to give a suitable definition of a second order differential
structure on metric measure spaces. However, in several situations, e.g., Alexandrov
spaces, we can consider such a second order differential structure (see for instance [2, 35,
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36, 38, 39] by Burago-Gromov-Perelman, Otsu, Otsu-Shioya and Perelman). The notion
of weakly second order differential structure on metric measure spaces given in this paper
gives such a framework including limit spaces of Riemannian manifolds with a lower Ricci
curvature bound.
Finally we introduce fundamental tools used in the proofs of Theorems 1.2 and 1.5.
In the proof of Theorem 1.2, we will essentially use the proof of Cheeger-Colding’s split-
ting theorem [5, Theorem 6.64] and several fundamental properties of the convergence of
the differentials of Lipschitz functions with respect to the measured Gromov-Hausdorff
topology given in [22] by the author. In the proof of Theorem 1.5, we will essentially
use several fundamental properties of the convergence of spectral structures with respect
to the measured Gromov-Hausdorff topology given in [31] by Kuwae-Shioya and also use
several results given in [22] again.
As a continuation of this paper, in [23] we will prove a Bochner-type inequality on
M∞ which keeps the term of Hessian defined in Section 3, discuss a weak L
2-convergence
of Hessians with respect to the Gromov-Hausdorff topology and give a relationship be-
tween the Laplacian defined by using the twice differential structure in Section 3 and the
Dirichlet Laplacian defined by Cheeger-Colding in [8]. In particular, we will show that in
noncollapsing setting, these Laplacians coincide on a dense subspace in L2.
The organization of this paper is as follows:
In Section 2, we will introduce several fundamental notions on metric measure spaces
and on limit spaces of Riemannian manifolds. In Section 3, we will give the definition of
the weakly second order differential structure on metric measure spaces and study several
properties. In Section 4, we will give the proofs of Theorems 1.2 and 1.5.
Acknowledgments. The author would like to express my appreciation to Tobias Holck
Colding and Aaron Naber for helpful comments. He is grateful to Kazuhiro Kuwae for
giving valuable suggestions. He wishes to thank Ayato Mitsuishi, Koichi Nagano, Takashi
Shioya and Takao Yamaguchi, for giving valuable comments at the informal geometry
seminar at Tsukuba University. He was supported by Grant-in-Aid for Research Activity
Start-up 22840027 from JSPS and Grant-in-Aid for Young Scientists (B) 24740046.
2. Preliminaries
In this section, we will introduce several fundamental notions on metric measure spaces
and on limit spaces of Riemannian manifolds. Let X be a metric space. For R > 0,
x ∈ X , we set BR(x) = {y ∈ X ; x, y < R} and BR(x) = {y ∈ X ; x, y ≤ R}.
2.1. Metric measure spaces. We say that X is proper if every bounded closed subset
of X is compact. We say that X is a geodesic space if for every x, y ∈ X , there exists a
minimal geodesic γ from x to y. Let υ be a Radon measure on X . In this paper, we say
that (X, υ) is a metric measure space if X is a proper geodesic space and if υ(Br(x)) > 0
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for every x ∈ X and every r > 0. We now recall the notion of rectifiability for metric
measure spaces defined by Cheeger-Colding in [8]:
Definition 2.1. [8, Definition 5.3] Let (X, υ) be a metric measure space. We say that
X is weakly υ-rectifiable (or (X, υ) is weakly rectifiable) if there exist a positive integer m,
a collection of Borel subsets {C li}1≤l≤m,i∈N ofX , and a collection of bi-Lipschitz embedding
maps {φli : C
l
i → R
l}l,i with the following properties (1) and (2):
(1) υ(X \
⋃
l,iC
l
i) = 0.
(2) υ is Ahlfors l-regular at every x ∈ C li , i.e., there exist C ≥ 1 and r > 0 such that
C−1 ≤ υ(Bt(x))/t
l ≤ C for every 0 < t < r.
Moreover we say that X is υ-rectifiable (or (X, υ) is rectifiable) if the following condition
holds:
(3) For every l, every x ∈
⋃
i∈N C
l
i and every 0 < δ < 1, there exists i such that x ∈ C
l
i
and that a map φli is (1± δ)-bi-Lipschitz to the image φ
l
i(C
l
i).
Our third condition is a strong additional condition not usually required in the definition
of rectifiable spaces. See [8, Definition 5.3] for the standard definition by Cheeger-Colding.
This third condition is iii) of page 60 in [8] and holds on all limit spaces of Riemannian
manifolds we are studying in this paper.
In this paper, we say that a family {(C li , φ
l
i)}l,i as in Definition 2.1 is a (weakly) rectifiable
coordinate system of (X, υ) if X is (weakly) υ-rectifiable. See also [28] by Keith. It is
important that the cotangent bundle on a rectifiable metric measure space exists in some
sense. We now give several fundamental properties of the cotangent bundle:
Theorem 2.2 (Cheeger, Cheeger-Colding, [3, 8]). Let (X, υ) be a rectifiable metric
measure space. Then, there exist a topological space T ∗X and a Borel map π : T ∗X → X
with the following properties:
(1) υ(X \ π(T ∗X)) = 0.
(2) π−1(w)(= T ∗wX) is a finite dimensional real vector space with canonical inner
product 〈·, ·〉w for every w ∈ π(T
∗X) (|v|(w) =
√
〈v, v〉w).
(3) For every Lipschitz function f on X, there exist a Borel subset V of X, and a
Borel map df (called the differential of f) from V to T ∗X such that υ(X \ V ) = 0
and that π ◦ df(w) = w, |df |(w) = Lipf(w) = Lipf(w) for every w ∈ V , where
(a) Lipf(x) = limr→0(supy∈Br(x)\{x}(|f(x)− f(y)|/x, y)) and
(b) Lipf(x) = lim infr→0(supy∈∂Br(x)(|f(x)− f(y)|/x, y)).
We now give a short review of the construction of the cotangent bundle T ∗X as in
Theorem 2.2: Let {(C li , φ
l
i)}l,i be a rectifiable coordinate system of (X, υ). By the classical
Rademacher’s theorem and Definition 2.1, without loss of generality, we can assume that
the following properties hold:
6 SHOUHEI HONDA
(1) Every φli ◦ (φ
l
j)
−1 : φlj(C
l
i ∩ C
l
j) → φ
l
i(C
l
i ∩ C
l
j) is differentiable at every w ∈
φlj(C
l
i∩C
l
j) (see Section 3.1 for the notion of differentiability for a Lipschitz function
defined on a Borel subset of Euclidean space).
(2) For every i, l, x ∈ C li and every (a1, . . . , al), (b1, . . . , bl) ∈ R
l,
(a) Lip
(∑
j ajφ
l
i,j
)
(x) = Lip
(∑
j ajφ
l
i,j
)
(x),
(b) Lip
(∑
j ajφ
l
i,j
)
(x) = 0 holds if and only if (a1, . . . , al) = 0 holds.
(c) Lip
(∑
j(aj + bj)φ
l
i,j
)
(x)2+Lip
(∑
j(aj − bj)φ
l
i,j
)
(x)2 = 2Lip
(∑
j ajφ
l
i,j
)
(x)2+
2Lip
(∑
j bjφ
l
i,j
)
(x)2.
(3) For every Lipschitz function f on X , we have Lipf(x) = Lipf(x) for a.e. x ∈ X .
For points (x, u), (y, v) ∈
⊔
i,l(φ
l
i(C
l
i)×R
l), we define (x, u) ∼ (y, v) if x = φli ◦ (φ
l
j)
−1(y)
and u = J(φli ◦ (φ
l
j)
−1)(y)tv for some i, j, l, where J(f) is the Jacobi matrix of a function
f . We set T ∗X =
(⊔
i,l(φ
l
i(C
l
i)×R
l)
)
/ ∼ and define a map π by π(x, u) = (φli)
−1(x)
if x ∈ φli(C
l
i). By the condition (b) above, for every x ∈ π(T
∗X) with x ∈ C li , |a|x =
Lip
(∑
j ajφ
l
i,j
)
(x) is a norm on Rl. By the condition (c) above, which follows from the
υ-rectifiable condition (3), we see that the norm comes from an inner product 〈·, ·〉x on
Rl. Then it is easy to check that (T ∗X, π, 〈·, ·〉x) satisfies the conditions as in Theorem
2.2.
See Section 6 in [8] by Cheeger-Colding for the details, and page 458 − 459 of [3] by
Cheeger for a more general case. We set T ∗A = π−1(A) for every subset A of X .
2.2. Limit spaces of Riemannian manifolds with a lower Ricci curvature bound.
We recall the definition of Gromov-Hausdorff convergence. Let {(Xi, xi)}1≤i≤∞ be a se-
quence of pointed proper geodesic spaces. We say that (Xi, xi) Gromov-Hausdorff con-
verges to (X∞, x∞) if there exist sequences of positive numbers ǫi → 0, Ri → ∞ and
of maps φi : BRi(xi) → BRi(x∞) (called an ǫi-almost isometry) with the following three
properties:
(1) |x, y − φi(x), φi(y)| < ǫi for every x, y ∈ BRi(xi).
(2) BRi(x∞) ⊂ Bǫi(Image(φi)).
(3) φi(xi)→ x∞ (denote it by xi → x∞ for the sake of simplicity).
See [19] by Gromov. We denote it by (Xi, xi)→ (X∞, x∞) for brevity.
Moreover, we now give the definition of measured Gromov-Hausdorff convergence. For
a sequence {υi}1≤i≤∞ of Borel measures υi on Xi, we say that υ∞ is the limit measure
of {υi}i if υi(Br(yi)) → υ∞(Br(y∞)) for every r > 0 and every sequence {yi}i of points
yi ∈ Xi with φi(yi) → y∞ (denote it by yi → y∞). See [16] by Fukaya for the original
definition and see also [6] by Cheeger-Colding for this version. Then we denote it by
(Xi, xi, υi)→ (X∞, x∞, υ∞) for brevity.
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Let n ∈ N, K ∈ R and let (M∞, m∞) be a pointed proper geodesic space. We say
that (M∞, m∞) is an (n,K)-Ricci limit space (of {(Mi, mi)}i) if there exist sequences
of real numbers Ki → K and of pointed complete n-dimensional Riemannian manifolds
{(Mi, mi)}i with RicMi ≥ Ki(n−1) such that (Mi, mi)→ (M∞, m∞). We call an (n,−1)-
Ricci limit space a Ricci limit space for brevity. Moreover we say that a Radon measure υ
on M∞ is the limit measure of {(Mi, mi)}i if υ is the limit measure of {vol/volB1(mi)}i.
Then we say that (M∞, m∞, υ) is the Ricci limit space of {(Mi, mi, vol/volB1(mi))}i.
Assume that (M∞, m∞, υ) is the Ricci limit space of {(Mi, mi, vol/volB1(mi))}i. Cheeger-
Colding have proven that the (1, p)-Sobolev space H1,p(U) on every open subset U of M∞
is well-defined for every 1 < p < ∞ and that for every f ∈ H1,p(U), the differential
df(x) ∈ T ∗xM∞ is well-defined for a.e. x ∈ U . See [3, Theorems 4.14 and 4.47] by Cheeger
for the detail.
Cheeger-Colding proved the existence of rectifiable coordinate system, defined as in
Definition 2.1, constructed from harmonic functions:
Theorem 2.3. [8, Theorem 3.3, 5.5 and 5.7] There exists a rectifiable coordinate system
{(C li , φ
l
i)}l,i of (M∞, υ) such that the following property holds: There exists a subsequence
{k(j)}j ⊂ N such that for every l, i, there exist x∞ ∈ M∞, r > 0 with C
l
i ⊂ Br(x∞),
a sequence {xk(j)}j of xk(j) ∈ Mk(j) with xk(j) → x∞, a sequence {fk(j),s}j,s of harmonic
functions fk(j),s on Br(xk(j)) such that supj,s Lipfk(j),s <∞, fk(j),s → φ
l
i,s on C
l
i as j →∞
for every s, where Lipf is the Lipschitz constant of f and φli = (φ
l
i,1, . . . , φ
l
i,k).
See Definition 2.5 for the definition of the pointwise convergence of functions fi → f∞
with respect to the Gromov-Hausdorff topology. More recently the author proved the
existence of rectifiable coordinate system constructed from distance functions:
Theorem 2.4. [22, Theorem 3.1] There exists a rectifiable coordinate system {(C li , φ
l
i)}1≤l≤n,i<∞
of (M∞, υ) such that every φ
l
i,s is the distance function from a point in M∞.
In Section 4, roughly speaking, we will show the following:
(1) A rectifiable coordinate system as in Theorem 2.4 implies a weakly C1,α-structure
of M∞ for some α = α(n) < 1.
(2) A rectifiable coordinate system as in Theorem 2.3 implies a weakly second order
differential structure of M∞.
See Corollary 4.9 and Theorem 4.17 for these precise statements.
Definition 2.5. Given functions fi : BR(mi) → R and x∞ ∈ BR(m∞), we say that
fi converges to f∞ at x∞ if for any sequence xi ∈ BR(mi) such that xi → x∞ we have
fi(xi)→ f∞(x∞). We denote this by fi → f∞ at x∞. If this holds for all x∞ ∈ BR(m∞)
we say fi → f∞ on BR(m∞).
Finally, we introduce the definition of a convergence of the differentials of Lipschitz
functions with respect to the measured Gromov-Hausdorff topology given in [22].
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Definition 2.6. [22, Definitions 1.1 or 4.4] Given Lipschitz functions fi : BR(mi)→ R
and x∞ ∈ BR(m∞), we say that dfi converges to df∞ at x∞ if
(4) sup
i
Lipfi <∞
for every ǫ > 0 and every zi → z∞, there exists r > 0 such that
(5) lim sup
i→∞
∣∣∣∣ 1volBt(xi)
∫
Bt(xi)
〈drzi, dfi〉dvol−
1
υ(Bt(x∞))
∫
Bt(x∞)
〈drz∞, df∞〉dυ
∣∣∣∣ < ǫ
and
(6) lim sup
i→∞
1
volBt(xi)
∫
Bt(xi)
|dfi|
2dvol ≤
1
υ(Bt(x∞))
∫
Bt(x∞)
|df∞|
2dυ + ǫ
for every 0 < t < r and every xi → x∞, where rz is the distance function from z. We
denote this by dfi → df∞ at x∞. If this holds for all x∞ ∈ BR(m∞) we say dfi → df∞ on
BR(m∞).
We write: (fi, dfi)→ (f∞, df∞) at x∞ if fi → f∞ and dfi → df∞ at x∞.
Remark 2.7. In [23], we will see that dfi converges to df∞ on BR(m∞) in the sense
of Definition 2.6 if and only if dfi L
p-converges strongly to df∞ on BR(m∞) for every
1 < p <∞.
We end this subsection by giving three fundamental properties of this convergence
which will be used essentially in Section 4:
(1) If xi → x∞(xi ∈Mi), then (rxi , drxi)→ (rx∞ , drx∞) on M∞.
(2) Let {fi}i≤∞ be a sequence of Lipschitz functions fi on BR(mi) with supi Lipfi <
∞. Assume that fi is a C
2-function for every i < ∞, fi → f∞ on BR(m∞) and
that
(7) sup
i<∞
1
volBR(mi)
∫
BR(mi)
(∆fi)
2dvol <∞.
Then we have dfi → df∞ on BR(m∞).
(3) Let k ∈ N, {Fi}1≤i≤∞ ⊂ C
0(Rk) and let {f li , g
l
i}1≤i≤∞,1≤l≤k be a collection of
Lipschitz functions f li , g
l
i on BR(mi) with supl,i(Lip f
l
i + Lip g
l
i) < ∞. Assume
that both of the following properties hold:
(a) Fi converges to F∞ with respect to the compact uniform topology on R
k.
(b) df li → df
l
∞ and dg
l
i → dg
l
∞ at a.e. α ∈ BR(m∞) for every 1 ≤ l ≤ k.
Then we have
(8) lim
i→∞
1
volBR(mi)
∫
BR(mi)
Fi(〈df
1
i , dg
1
i 〉, . . . , 〈df
k
i , dg
k
i 〉)dvol
=
1
υ(BR(m∞))
∫
BR(m∞)
F∞(〈df
1
∞, dg
1
∞〉, . . . , 〈df
k
∞, dg
k
∞〉)dυ.
See [22, Proposition 4.8, Corollaries 4.4 and 4.5] for the proofs.
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3. Weak Ho¨lder continuity and weak Lipschitz continuity
In this section, we will give several new notions for metric measure spaces and their
fundamental properties. Note that the proofs of these properties are elementary, however,
with the theory of convergence of Riemannian manifolds, they perform crucial roles in
the analysis of Ricci limit spaces in Section 4.
We start this section by giving the following definition:
Definition 3.1. Let A be a Borel subset of a metric measure space (X, υ), Y a metric
space, f a Borel map from A to Y , and 0 < α ≤ 1. We say that
(1) f is weakly α-Ho¨lder continuous on A if there exists a countable family {Ai}i of
Borel subsets Ai of A such that υ(A \
⋃
iAi) = 0 and that every f |Ai is α-Ho¨lder
continuous,
(2) f is weakly Lipschitz on A if f is weakly 1-Ho¨lder continuous on A.
Remark 3.2. Let M be an n-dimensional Riemannian manifold, f a function on M
and A an open subset of M . Then it is easy to check that the following conditions are
equivalent:
(1) f is differentiable at a.e. x ∈ A.
(2) f is weakly Lipschitz on A.
3.1. Weakly twice differentiable functions on a Borel subset of Rk. Let A be a
Borel subset of Rk, f a Lipschitz function on A and y ∈ LebA, where LebA = {a ∈
A; limr→0H
k(A ∩ Br(a))/H
k(Br(a)) = 1}. Then we say that f is differentiable at y if
there exists a Lipschitz function fˆ on Rk such that fˆ |A = f and that fˆ is differentiable
at y. Note that if f is differentiable at y, then a vector (∂fˆ/∂x1(y), . . . , ∂fˆ/∂xn(y))
does not depend on the choice of such fˆ . Thus we denote the vector by J(f)(y) =
(∂f/∂x1(y), . . . , ∂f/∂xn(y)). Let F = (f1, . . . , fm) be a Lipschitz map from A to R
m. We
say that F is differentiable at y if every fi is differentiable at y. Note that by Rademacher’s
theorem [40], F is differentiable at a.e. x ∈ A. Let us denote the Jacobi matrix of F at
x by J(F )(x) = (∂fi/∂xj(x))ij if F is differentiable at x.
Definition 3.3. Let ω =
∑
i1<···<ip
fi1,...,ipdxi1 ∧ · · · ∧ dxip be a p-form on A and
0 < α ≤ 1. We say that
(1) ω is a Borel p-form on A if every fi1,...,ip is a Borel function,
(2) ω is weakly α-Ho¨lder continuous on A if every fi1,...,ip is weakly α-Ho¨lder continuous
on A,
(3) ω is weakly Lipschitz on A if every fi1,...,ip is weakly Lipschitz on A.
For two Borel p-forms {ωi}i=1,2 on A, we say that ω1 is equivalent to ω2 if ω1(x) = ω2(x)
for a.e. x ∈ A. Le us denote the equivalent class of ω by [ω], the set of equivalent classes by
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ΓBor(
∧p T ∗A), the set of equivalent classes represented by a weakly α-Ho¨lder continuous
p-form by Γα(
∧p T ∗A). We often write ω = [ω] for brevity.
Let ω be a weakly Lipschitz p-form on A. Define a Borel (p+1)-form dω on A by dω =∑
i1<···<ip
(∂f ji1,...,ip/∂xl)dxl ∧ dxi1 ∧ · · · ∧ dxip, where ω =
∑
i1<···<ip
f ji1,...,ipdxi1 ∧ · · · ∧ dxip.
Note that if ω1 is equivalent to ω2, then dω1 is equivalent to dω2. Therefore d is well-defined
as a linear map from Γ1(
∧p T ∗A) to ΓBor(∧p+1 T ∗A). Note that the following product
rule holds: d(η ∧ ω) = dη ∧ ω + (−1)pη ∧ dω ∈ ΓBor(
∧p+q T ∗A) for every η ∈ Γ1(∧p T ∗A)
and every ω ∈ Γ1 (
∧q T ∗A).
Lemma 3.4. Let F be a Lipschitz function on Rk. Then, there exists a sequence {Fi}i ⊂
C∞(Rk) such that Fi → F in L
∞(Rk) and that J(Fi)(x)→ J(F )(x) for a.e. x ∈ R
k.
Proof. Let ρ be a nonnegative valued smooth function on Rk with supp(ρ) ⊂ B1(0k)
and
(9)
∫
Rk
ρ(x)dHk = 1,
where Hk is the k-dimensional Hausdorff measure. For every ǫ > 0, define smooth func-
tions ρǫ and Fǫ on R
k by ρǫ(x) = ǫ
−kρ(x/ǫ) and
(10) Fǫ(x) =
∫
Rk
ρǫ(x− y)F (y)dH
k.
Let L ≥ 1 with sup ρ+ LipF ≤ L. For every x ∈ Rk, we have
|Fǫ(x)− F (x)| ≤
∫
Rk
ρǫ(x− y)|F (y)− F (x)|dH
k(11)
=
∫
Bǫ(x)
ρǫ(x− y)|F (y)− F (x)|dH
k(12)
≤ Lǫ
∫
Bǫ(x)
ρǫ(x− y)dH
k(13)
= Lǫ
∫
Bǫ(0k)
ρǫ(y)dH
k ǫ→0→ 0.(14)
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Therefore we have the first assertion. For every x ∈ Rk and every h ∈ R, by the dominated
convergence theorem, we have
Fǫ(x+ hei)− Fǫ(x)
h
=
∫
Rk
ρǫ(y)
(
F (x+ hei − y)− F (x− y)
h
)
dHk(15)
=
∫
Bǫ(0k)
ρǫ(y)
(
F (x+ hei − y)− F (x− y)
h
)
dHk(16)
h→0
→
∫
Bǫ(0k)
ρǫ(y)
∂F
∂xi
(x− y)dHk(17)
=
∫
Bǫ(0k)
ρǫ(x− y)
∂F
∂xi
(y)dHk(18)
=
∫
Rk
ρǫ(x− y)
∂F
∂xi
(y)dHk.(19)
By Lusin’s theorem, for every δ > 0 and every R > 0, there exists a Borel subset ARδ of
BR(0k) such that H
k(BR(0k) \ A
R
δ ) < δ and that J(F )|ARδ is continuous. Thus, for every
x ∈ LebARδ , we have∣∣∣∣∂Fǫ∂xi (x)−
∂F
∂xi
(x)
∣∣∣∣ ≤
∫
Rk
ρǫ(x− y)
∣∣∣∣∂F∂xi (y)−
∂F
∂xi
(x)
∣∣∣∣ dHk(20)
=
∫
Bǫ(x)
ρǫ(x− y)
∣∣∣∣∂F∂xi (y)−
∂F
∂xi
(x)
∣∣∣∣ dHk(21)
=
∫
Bǫ(x)∩ARδ
ρǫ(x− y)
∣∣∣∣∂F∂xi (y)−
∂F
∂xi
(x)
∣∣∣∣ dHk(22)
+
∫
Bǫ(x)\ARδ
ρǫ(x− y)
∣∣∣∣∂F∂xi (y)−
∂F
∂xi
(x)
∣∣∣∣ dHk(23)
≤ sup
y∈Bǫ(x)∩ARδ
|J(F )(y)− J(F )(x)|+ 2Lǫ−kHk(Bǫ(x) \ A
R
δ )(24)
ǫ→0
→ 0.(25)
Since δ and R are arbitrary, we have the second assertion. 
Let G = (G1, . . . , Gk) be a bi-Lipschitz embedding from A to R
k. For every ω ∈
ΓBor(
∧p T ∗G(A)), define G∗ω =∑ fi1,...,ip◦G (∂Gi1/∂xj1) · · · (∂Gip/∂xjp)dxj1∧· · ·∧dxjp ∈
ΓBor (
∧p T ∗A) , where ω =∑ fi1,...,ipdxi1∧· · ·∧dxip . Note that if J(G) is weakly Lipschitz
on A, then G∗ω ∈ Γ1(
∧p T ∗A) for every ω ∈ Γ1(∧p T ∗G(A)).
Proposition 3.5. Let ω =
∑
fi1,...,ipdxi1 ∧ · · · ∧ dxip ∈ Γ1(
∧p T ∗G(A)). Assume that
J(G) is weakly Lipschitz on A. Then we have d(G∗ω) = G∗(dω) ∈ ΓBor(
∧p+1 T ∗A).
Proof. Without loss of generality, we can assume that G and every fi1,...,ip are Lips-
chitz on A. By Lemma 3.4, there exist sequences of smooth maps {Gj}j from R
k to Rk,
and of smooth functions {f ji1,...,ip}j on R
k such that the following properties hold:
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(1) Gj → G and f ji1,...,ip → fi1,...,ip in L
∞(A).
(2) J(Gj)(x)→ J(G)(x) and J(f ji1,...,ip)(x)→ J(fi1,...,ip)(x) for a.e. x ∈ A.
Since
(26)
d
(
(Gj)∗
(∑
f ji1,...,ipdxi1 ∧ · · · ∧ dxip
))
(x) = (Gj)∗
(
d
(∑
f ji1,...,ipdxi1 ∧ · · · ∧ dxip
))
(x)
for every x ∈ Rk and every j, by letting j →∞, this completes the proof. 
Note that in the same way as Definition 3.3, we can give definitions of Borel vector
(tensor) field on A, of its equivalence, of its weak α-Ho¨lder continuity, and so on. Denote
the set of equivalent classes of Borel vector fields by ΓBor(TA) and the set of equivalent
classes represented by a weakly Lipschitz vector field by Γ1(TA).
For every weakly Lipschitz function f on A and every X ∈ ΓBor(TA), define a Borel
function X(f) =
∑
Xi∂f/∂xi on A, where X =
∑
Xi∂/∂xi. For every X ∈ ΓBor(TA),
define G∗X =
∑
X(Gi)∂/∂xi ∈ ΓBor(TG(A)). For every X, Y ∈ Γ1(TA), define [X, Y ] ∈
ΓBor(TA) by
(27) [X, Y ] =
∑
i,j
(
Xj
∂Yi
∂xj
− Yj
∂Xi
∂xj
)
∂
∂xj
,
where X =
∑
Xi∂/∂xi, Y =
∑
Yi∂/∂xi.
Proposition 3.6. Let X, Y ∈ Γ1(TA). Assume that J(G) is weakly Lipschitz on A.
Then we have [G∗X,G∗Y ] = G∗[X, Y ] ∈ ΓBor(TG(A)).
Proof. The proposition follows from an argument similar to that of the proof of Propo-
sition 3.5. 
Definition 3.7 (Weakly twice differentiable function). Let f be a Borel function on
A. We say that f is weakly twice differentiable on A if f is weakly Lipschitz function on
A and df ∈ Γ1(T
∗A)(= Γ1(
∧1 T ∗A)).
Note that the following is not trivial.
Proposition 3.8. Let f be a weakly twice differentiable function on A. Then we have
d(df) = 0 ∈ ΓBor(
∧2 T ∗A).
Proof. Let Aˆ = {x ∈ LebA; ∂f/∂x1(x) = · · · = ∂f/∂xk(x) = 0}. Note that
d(d(f |Aˆ)) = 0 ∈ ΓBor(
∧2 T ∗Aˆ) because d(f |Aˆ) = 0 ∈ Γ1(T ∗Aˆ). Let Ai = {x ∈ LebA \
Aˆ; {df(x)}∪{dxj(x)}j 6=i is a base of T
∗
xR
k.}. By [22, Theorem 3.4], there exists a countable
collection {Ami }1≤i≤k,m∈N of Borel subsets A
m
i of Ai such thatH
k
(
(A \ Aˆ) \
⋃
i,mA
m
i
)
= 0
and that every map Φmi = (f, x1, . . . , xi−1, xi+1, . . . , xk) is a bi-Lipschitz embedding from
Ami to R
k. By the assumption, we see that every 〈df, dxj〉 is weakly Lipschitz on A.
Therefore, J(Φmi ), J((Φ
m
i )
−1) are weakly Lipschitz on Ami , Φ
m
i (A
m
i ), respectively. Since
(Φmi )
∗dx1 = df and d(dx1) = 0, the proposition follows directly from Proposition 3.5. 
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Let f be a weakly twice differentiable function on A. Put
(28)
∂2f
∂xi∂xj
(x) =
∂
∂xi
(
∂f
∂xj
)
(x).
Note that Proposition 3.8 implies that for every i, j we have
(29)
∂2f
∂xi∂xj
(x) =
∂2f
∂xj∂xi
(x)
for a.e. x ∈ A.
For ω =
∑
fi1,...,ipdxi1 ∧ · · · ∧ dxip ∈ Γ1(
∧p T ∗A), we say that ω is weakly twice differ-
entiable on A if every fi1,...,ip is weakly twice differentiable on A. Similarly, we can give
definitions of weak twice differentiability for vector (tensor) fields on A, for maps from A
to Rm, and so on.
Corollary 3.9. Let ω be a weakly twice differentiable p-form on A. Then we have
d(dω) = 0 ∈ ΓBor(
∧p+2 T ∗A).
Proof. Since
(30) d(dω) =
∑
d(dfi1,...,ip) ∧ dxi1 ∧ · · · ∧ dxip ,
the corollary follows directly from Proposition 3.8. 
3.2. Riemannian metric on a Borel subset of Rk. Let A be a Borel subset of Rk.
In this subsection, we will study Riemannian metrics on A in the following sense:
Definition 3.10 (Riemannian metric). Let g = {ga}a∈A be a family of inner products
ga on TaR
k. We say that
(1) g is a Borel Riemannnian metric on A if every gij(a) = ga(∂/∂xi, ∂/∂xj) is a Borel
function on A,
(2) g is a weakly α-Ho¨lder continuous Riemannnian metric on A if every gij is a weakly
α-Ho¨lder continuous function on A,
(3) g is a weakly Lipschitz Riemannnian metric on A if every gij is a weakly Lipschitz
function on A.
Note that for a Borel Riemannian metric g on A, g is weakly α-Ho¨lder continuous if and
only if g ∈ Γα(T
∗A⊗T ∗A). For two Borel Riemannian metrics g, gˆ on A, we say that g is
equivalent to gˆ if gij is equivalent to gˆij . Let us denote by RiemBor(A)(⊂ ΓBor(T
∗A⊗T ∗A))
the set of equivalent classes of Borel Riemannian metrics and by Riemα(A) the set of
equivalent classes represented by a weakly α-Ho¨lder continuous Riemannian metric.
For a weakly Lipschitz function f on A, g ∈ RiemBor(A), X =
∑
Xi∂/∂xi ∈ ΓBor(TA)
and ω =
∑
ωidxi ∈ ΓBor(T
∗A), define X∗ ∈ ΓBor(T
∗A), ω∗ ∈ ΓBor(TA) and ∇
gf ∈
ΓBor(TA) by X
∗ =
∑
gijXidxj , ω
∗ =
∑
gijωi∂/∂xj and ∇
gf = (df)∗, respectively, where
gij is the ijth term of the inverse of the matrix defined by gij .
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Proposition 3.11 (Levi-Civita connection). Let g ∈ Riem1(A). Then there exists the
Levi-Civita connection ∇g on A defined uniquely in the following sense:
(1) ∇g is a map from ΓBor(TA)× Γ1(TA) to ΓBor(TA) (∇
g
XY := ∇
g(X, Y )).
(2) ∇gX(Y + Z) = ∇
g
XY +∇
g
XZ for every X ∈ ΓBor(TA) and every Y, Z ∈ Γ1(TA).
(3) ∇gfX+hYZ = f∇
g
XZ + h∇
g
Y Z for every X, Y ∈ ΓBor(TA), every Z ∈ Γ1(TA) and
every Borel functions f, h on A.
(4) ∇gX(fY ) = X(f)Y + f∇
g
XY for every X ∈ ΓBor(TA), every Y ∈ Γ1(TA) and
every weakly Lipschitz function f on A.
(5) ∇gXY −∇
g
YX = [X, Y ] for every X, Y ∈ Γ1(TA).
(6) Xg(Y, Z) = g(∇gXY, Z) + g(Y,∇
g
XZ) for every X ∈ ΓBor(TA) and every Y, Z ∈
Γ1(TA).
Proof. Let
(31) Γmi,j =
1
2
∑
l
gml
(
∂gjl
∂xi
+
∂gil
∂xj
−
∂gij
∂xl
)
and
(32) ∇gXY =
∑
i,j
(
Xi
∂Yj
∂xi
∂
∂xj
+XiYjΓ
m
i,j
∂
∂xm
)
,
where X =
∑
Xi∂/∂xi and Y =
∑
Yi∂/∂xi. It is easy to check that the properties above
hold for this ∇g. Therefore we have the existence.
Next, we check the uniqueness. Let ∇1 and ∇2 be Levi-Civita connections on A. Fix
X =
∑
Xi∂/∂xi ∈ Γ1(TA), Y =
∑
Yi∂/∂xi ∈ Γ1(TA). Since
2g(∇lXY, Z) = Xg(Y, Z)+Y g(Z,X)−Zg(X, Y )+g([X, Y ], Z)−g([Y, Z], X)+g([Z,X ], Y )
for every Z ∈ Γ1(TA) and every l = 1, 2, we see that g(∇
1
XY − ∇
2
XY, Z) = 0 for every
Z ∈ Γ1(TA). Put∇
1
XY −∇
2
XY =
∑
hi∂/∂xi. By Lusin’s theorem, there exists a sequence
of compact subsets {Aj}j of A such that H
k(A \ Aj) → 0 as j → ∞ and that hi|Aj is
continuous for every i, j. We now make the following elementary claim:
Claim 3.12. Let K be a bounded Borel subset of Rk, h a continuous function on K
and ǫ > 0. Then there exist a Borel subset Kǫ of K and a Lipschitz function hǫ on R
k
such that |h(x)− hǫ(x)| < ǫ for every x ∈ Kǫ and that H
k(K \Kǫ) < ǫ.
The proof is as follows. For every x ∈ LebK, there exists rx > 0 such that H
k(Br(x)∩
K)/Hk(Br(x)) ≥ 1 − ǫ for every 0 < r < rx, and that |h(x) − h(y)| < ǫ for every
y ∈ K ∩ Brx(x). By standard covering lemma (see for instance Chapter 1 in [44]),
there exists a countable pairwise disjoint collection {Bri(xi)}i such that xi ∈ LebK,
ri < rxi/5 and that LebK \
⋃N
i=1Bri(xi) ⊂
⋃∞
i=N+1B5ri(xi) for every N . Fix N with∑∞
j=N+1H
k(Bri(xi)) < ǫ/5
k. Then we have Hk
(
LebK \
⋃N
i=1Bri(xi)
)
< ǫ. Define a
Lipschitz function f on
⋃N
i=1Bri(xi) by f |Bri(xi) ≡ h(xi). Let Kǫ = K ∩
⋃N
i=1Bri(xi) and
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let hǫ be a Lipschitz function on R
k with hǫ|Kǫ = f . Then we have |hǫ(x)− h(x)| < ǫ for
every x ∈ Kǫ. Thus we have Claim 3.12.
Therefore there exist collections of Borel subsets {Aj,k}k of Aj , and of Lipschitz func-
tions {hi,j,k}i,j,k on R
k such that Hk(Aj \ Aj,k) < 2
−k and that |hi(x) − hi,j,k(x)| < 2
−k
for every x ∈ Aj,k. Let Aˆj =
⋂∞
m=1
⋃
k=mAj,k. Taking Z =
∑
i hi,j,k∂/∂xi, we have
g(
∑
i hi∂/∂xi,
∑
i hi,j,k∂/∂xi) = 0 onAj,k. Letting k →∞ we have g(
∑
i hi∂/∂xi,
∑
i hi∂/∂xi) =
0 and thus hi(x) ≡ 0 on Aˆj . Since H
k(Aj \ Aˆj) = 0, we have ∇
1
XY = ∇
2
XY . Therefore for
every Xˆ =
∑
Xˆi∂/∂xi ∈ ΓBor(TA), we have ∇
1
Xˆ
Y =
∑
Xˆi∇
1
∂/∂xi
Y =
∑
Xˆi∇
2
∂/∂xi
Y =
∇2
Xˆ
Y . Thus we have the uniqueness. 
Let G be a bi-Lipschitz embedding from A to Rk and g ∈ Riem1(A). Assume that
G is weakly twice differentiable on A, i.e., J(G) is weakly Lipschitz on A. Note that
J(G−1) is weakly Lipschitz on G(A) and that a Riemannian metric G∗g on G(A) defined
by G∗g(∂/∂xi, ∂/∂xj) = g((G
−1)∗(∂/∂xi), (G
−1)∗(∂/∂xj)) is weakly Lipschitz on G(A).
Corollary 3.13. With the same notation as above, we have G∗(∇
g
XY ) = ∇
G∗g
G∗X
G∗Y
for every X ∈ ΓBor(TA) and every Y ∈ Γ1(TA).
Proof. It is easy to check that if we define a map T from ΓBor(TG(A))×Γ1(TG(A)) to
ΓBor(TG(A)) by T (X, Y ) = G∗(∇
g
(G−1)∗X
(G−1)∗Y ), then T satisfies the properties of the
Levi-Civita connection of G∗g on G(A). Thus the corollary follows from the uniqueness
of the Levi-Civita connection. 
Definition 3.14. Let f be a weakly twice differentiable function on A, ω ∈ Γ1(T
∗A)
and X ∈ Γ1(TA). Define
(1) a Borel tensor field ∇gω ∈ ΓBor(T
∗A⊗ T ∗A) of type (0, 2) on A by
(33) ∇gω =
∑
i,j
g
(
∇g∂
∂xi
ω∗,
∂
∂xj
)
dxi ⊗ dxj,
(2) the Hessian Hessgf of f by Hess
g
f = ∇
gdf ,
(3) the divergence divgX of X by
(34) divgX = trace of∇gX∗ =
∑
i
g
(
∇g∂
∂xi
X,
∂
∂xi
)
,
(4) the Laplacian ∆gf of f by ∆gf = −divg∇gf .
We end this subsection by giving several properties of them:
Corollary 3.15. With the same notation as in Definition 3.14, we have the following:
(1) ∇gω = G∗(∇G∗g(G−1)∗ω).
(2) Hessgf = G
∗(HessG∗gf◦G−1).
(3) divgX ◦G−1 = divG∗g G∗X
(4) Hessgf(x) is symmetric for a.e. x ∈ A.
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(5) divg (h(∇gf)) = −h∆gf + g(∇gf,∇gh) for every weakly twice differentiable func-
tion h on A.
(6) ∆g(fh) = h∆gf−2g(∇gf,∇gh)+f∆gh for every weakly twice differentiable func-
tion h on A.
Proof. (1), (2) and (3) all follow directly from Corollary 3.13. Since
(35) Hessgf =
∑
i,j
(
∂2f
∂xi∂xj
−
(
∇g∂
∂xi
∂
∂xj
)
(f)
)
dxi ⊗ dxj,
(4) follows from Proposition 3.8. On the other hand, by simple calculations, we have (5)
and (6). 
3.3. Weakly second order differential structure on weakly rectifiable metric
measure spaces. In this subsection, we will discuss some weak twice differentiability on
weakly rectifiable metric measure spaces.
Definition 3.16 (Weakly second order differential structure). Let (X, υ) be a metric
measure space and 0 < α ≤ 1. We say that
(1) (X, υ) has a weakly C1,α-structure if there exists a weakly rectifiable coordinate
system {(C li , φ
l
i)}l,i of (X, υ) such that every Jacobi matrix map J(Φ
l
ij) of Φ
l
ij =
φlj ◦ (φ
l
i)
−1 from φli(C
l
i ∩ C
l
j) to φ
l
j(C
l
i ∩ C
l
j) is weakly α-Ho¨lder continuous,
(2) (X, υ) has a weakly second order differential structure if (X, υ) has a weakly C1,1-
structure.
Definition 3.17. Let 0 < αˆ ≤ α ≤ 1, let (X, υ) be a metric measure space having a
weakly C1,α-structure with respect to {(C li, φ
l
i)}l,i, a Borel subset A of X and ω = {ω
l
i}l,i
a family of Borel p-forms ωli on φ
l
i(C
l
i ∩A). We say that
(1) ω is a Borel p-form on A if (Φlij)
∗ωlj = ω
l
i on φ
l
i(C
l
i ∩ C
l
j ∩ A) for every i, l, j with
υ(C li ∩ C
l
j ∩A) > 0.
(2) ω is a weakly αˆ-Ho¨lder continuous p-form on A if ω is a Borel p-form on A, and
ωli ∈ Γαˆ(
∧p T ∗φli(C li ∩ A)),
Write ω|Cli∩A = ω
l
i.
Note that ω can be identified as a Borel section from A to a L∞-vector bundle
∧p T ∗X
onX . See Section 4 in [4] by Cheeger or Section 6 in [8] by Cheeger-Colding for the details.
Note that in the same way as in Definition 3.17, we can give definitions of Borel vector
(tensor) field on A, its Ho¨lder continuity, its equivalence, and so on. For instance, denote
the set of equivalent classes of Borel sections s : A → T ∗X ⊗ T ∗X by ΓBor(T
∗A ⊗ T ∗A).
Similarly, define ΓBor(T
∗A), ΓBor(
∧p T ∗A), and so on.
Assume that (X, υ) has a weakly second order differential structure with respect to
{(C li , φ
l
i)}l,i. Let A be a Borel subset of X . As in the previous section, denote the
set of equivalent classes of Borel vector fields on A represented by a weakly Lipschitz
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vector field on A by Γ1(TA, {(C
l
i, φ
l
i)}l,i). Similarly define Γ1(T
∗A ⊗ T ∗A, {(C li , φ
l
i)}l,i)
and so on. We often write: Γ1(
∧p T ∗A) = Γ1(∧p T ∗A, {(C li , φli)}l,i), Γ1(T ∗A ⊗ T ∗A) =
Γ1(T
∗A⊗ T ∗A, {(C li, φ
l
i)}l,i), and so on, for brevity.
Proposition 3.18. Let ω ∈ Γ1(
∧p T ∗A). Then there exists dω ∈ ΓBor(∧p+1 T ∗A)
defined uniquely such that dω|Cli∩A = d(ω|φli(Cli∩A)).
Proof. This is a direct consequence of Proposition 3.5. 
Proposition 3.19. Let V,W ∈ Γ1(TA). Then there exists [V,W ] ∈ ΓBor(TA) defined
uniquely such that [V,W ]|Cli∩A = [VCli∩A,WCli∩A].
Proof. This is a direct consequence of Proposition 3.6. 
Definition 3.20 (Weakly twice differentiable function). We say that a Borel function
f on A is weakly twice differentiable on A with respect to {(C li , φ
l
i)}l,i if every f ◦ (φ
l
i)
−1 is
weakly twice differentiable on φli(C
l
i ∩ A).
The following is a direct consequence of Proposition 3.8:
Corollary 3.21. Let f be a weakly twice differentiable function on A with respect to
{(C li , φ
l
i)}l,i. Then we have d(df) = 0 ∈ ΓBor(
∧2 T ∗A).
We say that g ∈ ΓBor(T
∗A⊗T ∗A) is a Borel Riemannian metric on A if g is symmetric
and positive definite. For a Borel Riemannian metric g on A, a weakly Lipschitz function
f on A, X ∈ ΓBor(TA) and ω ∈ ΓBor(T
∗A), in the same way as in the previous subsection,
define X∗ ∈ ΓBor(T
∗A), ω∗ ∈ ΓBor(TA) and ∇
gf ∈ ΓBor(TA).
Remark 3.22. We can not discuss a twice differentiability for vector field (or p(≥ 1)-
form) on X in the same way as above.
3.4. Weakly Lipschitz Riemannian metric on weakly rectifiable metric measure
spaces. In this subsection, we will study Riemannian metrics on weakly rectifiable metric
measure spaces. Let (X, υ) be a weakly rectifiable metric measure space with respect to
{(C li , φ
l
i)}l,i, and g = {g
l
i}l,i ∈ ΓBor(T
∗X ⊗ T ∗X) a Borel Riemannian metric on X .
Definition 3.23 (Weakly Lipschitz Riemannian metric on weakly rectifiable metric
measure spaces). We say that
(1) g is a weakly α-Ho¨lder Riemannian metric on X with respect to {(C li , φ
l
i)}l,i if
gli ∈ Riemα(φ
l
i(C
l
i)),
(2) g is a weakly Lipschitz Riemannian metric on X with respect to {(C li , φ
l
i)}l,i if
gli ∈ Riem1(φ
l
i(C
l
i)).
Proposition 3.24. Let 0 < α ≤ 1. Assume that g is a weakly α-Ho¨lder Riemannian
metric on X with respect to {(C li, φ
l
i)}l,i. Then we see that (X, υ) has a weakly C
1,α-
structure with respect to {(C li , φ
l
i)}l,i and that g ∈ Γα(T
∗X ⊗ T ∗X, {(C li, φ
l
i)}l,i).
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Proof. Since gli is weakly α-Ho¨lder continuous, by simple calculation, we see that
every map J(Φlij) is weakly α-Ho¨lder continuous on φ
l
i(C
l
i ∩ C
l
j). Therefore we have the
proposition. 
Assume that g is a weakly Lipschitz Riemannian metric onX with respect to {(C li, φ
l
i)}l,i.
The following is a direct consequence of Proposition 3.11 and Corollary 3.13:
Theorem 3.25 (Levi-Civita connection). There exists the Levi-Civita connection ∇g
on X defined uniquely in the following sense:
(1) ∇g is a map from ΓBor(TX)× Γ1(TX) to ΓBor(TX).
(2) ∇gU(V +W ) = ∇
g
UV +∇
g
UW for every U ∈ ΓBor(TX) and every V,W ∈ Γ1(TX).
(3) ∇gfU+hVW = f∇
g
UW + h∇
g
VW for every U, V ∈ ΓBor(TX), every W ∈ Γ1(TX)
and every Borel functions f, h on X.
(4) ∇gU(fV ) = U(f)V + f∇
g
UV for every U ∈ ΓBor(TX), every V ∈ Γ1(TX) and
every weakly Lipschitz function f on X.
(5) ∇gUV −∇
g
V U = [U, V ] for every U, V ∈ Γ1(TX).
(6) Ug(V,W ) = g(∇gUV,W ) + g(V,∇
g
UW ) for every U ∈ ΓBor(TX) and every V,W ∈
Γ1(TX).
The following is a direct consequence of Corollary 3.15:
Proposition 3.26. Let A be a Borel subset of X, f a weakly twice differentiable func-
tion on A, ω ∈ Γ1(T
∗A) and Y ∈ Γ1(TA). Then there exist uniquely
(1) ∇gω ∈ ΓBor(T
∗A⊗ T ∗A) satisfying that ∇gω|Cli∩A = ∇
gli(ω|Cli∩A),
(2) the Hessian Hessgf ∈ ΓBor(T
∗A⊗ T ∗A) satisfying that Hessgf |Cli∩A = Hess
gli
f◦φli
,
(3) a Borel function divg Y (called the divergence of Y ) on A satisfying that divg Y (x) =
divg
l
i (Y |Cli)(φ
l
i(x)) for a.e. x ∈ φ
l
i(A ∩ C
l
i),
(4) a Borel function ∆gf on A satisfying that ∆gf(x) = ∆g
l
i(f ◦ (φli)
−1)(φli(x)) for a.e.
x ∈ φli(A ∩ C
l
i).
Moreover we have the following:
(a) Hessgf(x) is symmetric for a.e. x ∈ A.
(b) divg (h(∇gf)) = −h∆gf + g(∇gf,∇gh) for every weakly twice differentiable func-
tion h on A.
(c) ∆g(fh) = h∆gf−2g(∇gf,∇gh)+f∆gh for every weakly twice differentiable func-
tion h on A.
Finally we end this subsection by giving the definition of the canonical Riemannian
metric on a rectifiable metric measure space:
Definition 3.27. Let (Xˆ, υˆ) be a rectifiable metric measure space with respect to
{(Cˆ li , φˆ
l
i)}l,i, and {〈·, ·〉w}w the canonical family of inner products 〈·, ·〉w on T
∗
wXˆ as in
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Theorem 2.2. Define gˆ = {gˆli}l,i ∈ ΓBor(T
∗X ⊗ T ∗X) by (gˆli)
st = 〈dφˆli,s, dφˆ
l
i,t〉, where
φˆli = (φˆ
l
i,1, . . . , φˆ
l
i,k), and call gˆ = {gˆ
l
i}l,i ∈ ΓBor(T
∗Xˆ ⊗ T ∗Xˆ) the Riemannian metric of
(Xˆ, υˆ) with respect to {(Cˆ li, φˆ
l
i)}l,i.
Remark 3.28. In [3, 8] by Cheeger and Cheeger-Colding refer to the family {〈·, ·〉w}w
as the Riemannian metric of (Xˆ, υˆ).
4. Ricci limit spaces
In this section, we will give the proofs of Theorems 1.2 and 1.5. Let (M∞, m∞) be a
Ricci limit space. Cheeger-Colding showed that any two limit measures υ1, υ2 on M∞ are
mutually absolutely continuous. See [8, Theorem 4.17]. Therefore, for instance, note that
the notion of weak Ho¨lder continuity for functions on M∞ does not depend on the choice
of the limit measures.
4.1. Angles, its weak Ho¨lder continuity, and bi-Lipschitz embedding. In this
subsection, we will give a proof of Theorem 1.2 and discuss the weak Ho¨lder continuity of
angles. The proof of the following proposition is based on the proof of Cheeger-Colding’s
splitting theorem [5, Theorem 6.64]:
Proposition 4.1. For every ǫ > 0, there exists δ = δ(ǫ, n) > 0 such that the following
property holds: Let M be an n-dimensional complete Riemannian manifold with RicM ≥
−ǫ2(n − 1), and m, p1, p2, q1, q2 ∈ M . Assume that pi, m ≥ ǫ
−1, qi, m ≥ ǫ
−1 and m, pi +
m, qi − pi, qi ≤ δ for i = 1, 2. Then we have
(36)
1
volB1(m)
∫
B1(m)
∣∣∣∣〈drp1, drp2〉 − 1volB1(m)
∫
B1(m)
〈drp1, drp2〉dvol
∣∣∣∣ dvol ≤ C(n)ǫα(n),
where 0 < α(n) < 1 and C(n) ≥ 1 are constants depending only on n.
Proof. Cheeger-Colding’s proof of [5, Lemmas 6.15, 6.25 and Proposition 6.60] yields
that there exists δ = δ(ǫ, n) > 0 with the following properties: Let M,m, p1, p2, q1, q2 be
as above. Then for every i = 1, 2, there exists a harmonic function bi on B1(m) such that
|rpi − bi|L∞(B1(m)) ≤ C1(n)ǫ
α1(n) and
(37)
1
volB1(m)
∫
B1(m)
(
|drpi − dbi|
2 + |Hessbi |
2
)
dvol ≤ C2(n)ǫ
α2(n).
Therefore, by the Poincare´ inequality of type (1, 2) on M , we have
1
volB1(m)
∫
B1(m)
∣∣∣∣〈db1, db2〉 − 1volB1(m)
∫
B1(m)
〈db1.db2〉dvol
∣∣∣∣ dvol(38)
≤ C(n)
√
1
volB1(m)
∫
B1(m)
(|Hessb1 |
2 + |Hessb2 |
2) dvol ≤ C3(n)ǫ
α3(n).(39)
This completes the proof. 
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Remark 4.2. These Ho¨lder estimates as above essentially follows from Laplacian com-
parison theorem and the following Abresch-Gromoll excess estimate:
(40) e(x) ≤ C(n)ǫα(n)
for M,m, p1, p2, q1, q2 as in Proposition 4.1 and for every x ∈ B100(m), where e(x) =
p1, x+ q1, x− p1, q2. See [5, Proposition 6.2] by Cheeger-Colding (or [4, Theorem 9.1] by
Cheeger) for the details. We can also see a valuable survey about this excess estimate
in subsection 1.7 in [12] and [12, Theorem 2.6] by Colding-Naber for a new very useful
excess estimate.
For every p ∈ M∞ and every τ > 0, put D
τ
p = {z ∈ M∞; There exists w ∈ M∞ with
w, z ≥ τ and p, z + z, w = p, w.}. Note Cp = M∞ \
⋃
τ>0D
τ
p .
Corollary 4.3. Let υ be a limit measure on M∞, β > 0, τ > 0, p, q ∈ M∞ and
x ∈ Dτp ∩ D
τ
q \ (Bβ(p) ∪Bβ(q)). Then we have
(41)
1
υ(Br(x))
∫
Br(x)
∣∣∣∣〈drp, drq〉 − 1υ(Br(x))
∫
Br(x)
〈drp, drq〉dυ
∣∣∣∣ dυ ≤ C(n)max
{
r,
r
β
,
r
τ
}α(n)
for every 0 < r < min{β, τ}.
Proof. Let {(Mi, mi)}i be a sequence of pointed n-dimensional complete Riemannian
manifolds with RicMi ≥ −(n−1) such that (Mi, mi, vol/volB1(mi))→ (M∞, m∞, υ). Fix
sequences pi, qi, xi ∈ Mi with pi → p, qi → q and xi → x. By considering the rescaled
metric r−1dMi, it follows from Proposition 4.1 that
(42)
1
volBr(xi)
∫
Br(xi)
∣∣∣∣〈drpi, drqi〉 − 1volBr(xi)
∫
Br(xi)
〈drpi.drqi〉dvol
∣∣∣∣ dvol ≤ C(n)max
{
r,
r
β
,
r
τ
}α(n)
for every sufficiently large i. By the property (1) in page 8, since drpi → drp, drqi → drq
and drxi → drx on M∞, by letting i → ∞ and the property (3) in page 8, we have the
corollary. 
Let υ be a limit measure on M∞ and p, q, x ∈M∞ with x ∈M∞ \ (Cp∪Cq ∪{p}∪{q}).
It follows directly from Corollary 4.3 that the limit
(43) lim
r→0
1
υ(Br(x))
∫
Br(x)
〈drp, drq〉dυ
exists. Define the angle ∠υpxq of pxq with respect to υ by
(44) ∠υpxq = arccos
(
lim
r→0
1
υ(Br(x))
∫
Br(x)
〈drp, drq〉dυ
)
.
Theorem 4.4. We have
(45) cos∠υpxq = lim
t→0
2t2 − γp(t), γq(t)
2
2t2
RICCI CURVATURE 21
for any minimal geodesics γp from x to p, and γq from x to q. In particular, we have
Theorem 1.2.
Proof. Recall that a pointed proper geodesic space (Y, y) is said to be a tangent cone
of M∞ at x ∈ M∞ if there exists a sequence of positive numbers {ri}i such that ri → 0
and (M∞, r
−1
i dM∞ , x)→ (Y, y). Fix
(1) a sequence of positive numbers {ri}i with ri → 0,
(2) a tangent cone (Y, y) of M∞ at x, and a Radon measure υY on Y satisfying that
(M∞, r
−1
i dM∞ , x, υi)→ (Y, y, υY ), where υi = υ/υ(Bri(x)),
(3) two geodesics γp, γq onM∞ beginning at p, q, respectively, such that x is an interior
point of both γp and γq.
Then it is easy to check that there exist lines lp, lq of Y such that y ∈ Image(lp)∩Image(lq)
and that (γp, r
−1
i dY ) → lp and (γq, r
−1
i dY ) → lq with respect to the Gromov-Hausdorff
topology (recall that a map l : R → Y is said to be a line of Y if l is an isometric
embedding).
Claim 4.5. Let bip = r
−1
i dM∞(p, ·)−r
−1
i dM∞(p, x). Then (b
i
p, db
i
p)→ (blp , dblp) on Y with
respect to the convergence (M∞, r
−1
i dM∞ , x, υi) → (Y, y, υY ), where blp is the Busemann
function of lp.
The proof is as follows. It is easy to check bip → blp on Y . Let R > 0, xj , pj ∈ Mj
with xj → x, pj → p and let b
i,j = r−1i dMj(pj, ·) − r
−1
i dMj(pj, xj). [5, Lemmas 6.15
and 6.25] by Cheeger-Colding yields that there exists a sequence {bi,j}i<∞,j<∞ of C(n)-
Lipschitz harmonic functions bi,j on B
r−1i dMj
R (xj) such that for every i there exists i0 such
that ||bi,j − bi,j||
L∞(B
r
−1
i
dMj
R
(xj))
+ ||dbi,j − dbi,j||
L2(B
r
−1
i
dMj
R
(xj))
≤ Ψ(r−1i ;n,R) for every
j ≥ i0. Without loss of generality we can assume that for every i there exists a C(n)-
Lipschitz function bi,∞ on B
r−1i dM∞
R (x) such that b
i,j → bi,∞ on B
r−1i dM∞
R (x). Note that
the property (2) in page 8 yields dbi,j → dbi,∞ on B
r−1i dM∞
R (x). In particular we have
||bi,∞ − bip||
L∞(B
r
−1
i
dM∞
R
(x))
+ ||dbi,∞ − dbip||
L2(B
r
−1
i
dM∞
R
(x))
≤ Ψ(r−1i ;n,R). Thus b
i,∞ → blp
on BR(y). Since there exists a subsequence {j(i)}i such that b
i,j(i) → blp on BR(y) with
respect to the convergence (Mj(i), xj(i), r
−1
i dMj(i)) → (Y, y), applying the property (2) in
page 8 again yields dbi,∞ → dblp on BR(y). Thus we have db
i
p → dblp on BR(y). Since R
is arbitrary, we have Claim 4.5.
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Therefore we have
cos∠υpxq = lim
i→∞
1
υ(Bri(x))
∫
Bri (x)
〈drp, drq〉dυ(46)
= lim
i→∞
1
υi(B
r−1i dM∞
1 (x))
∫
B
r
−1
i
dM∞
1 (x)
〈dbip, db
i
q〉dυi(47)
=
1
υY (B1(y))
∫
B1(y)
〈dblp , dblq〉dυY(48)
= cos(the angle between lp and lq)(49)
= lim
i→∞
2r2i − γp(ri), γq(ri)
2
2r2i
.(50)
Thus Gromov’s compactness theorem yields the theorem. 
Since ∠υpxq is independent of υ, we set ∠pxq = ∠υpxq and call it the angle of pxq.
Remark 4.6. By the proof of Theorem 4.4 and the property of (3) in page 8, we have
(51) lim
ǫ→0
sup
s,t∈[τ1,τ2]
∣∣∣∣∣cos∠pxq − (sǫ)
2 + (tǫ)2 − γp(sǫ), γq(tǫ)
2
2stǫ2
∣∣∣∣∣ = 0
for every 0 < τ1 < τ2 <∞ and
(52) lim
r→0
1
υ(Br(x))
∫
Br(x)
| cos∠pzq − cos∠pxq|dυ(z) = 0.
Remark 4.7. Let p, q ∈M∞. Then [22, Theorem 3.3] yields that there exists A ⊂M∞
such that υ(M∞ \ A) = 0 and that
(53) 〈drp, drq〉(x) = lim
δ→0
q, γp(x, p+ δ)− q, x
δ
for every x ∈ A and every γp. Thus Theorem 4.4 and Lebesgue’s differentiation theorem
yield the following almost first variation formula for distance function (in some weak
sense):
(54) q, γp(x, p+ δ) = q, x+ δ cos∠pxq + o(δ)
for a.e. x ∈ A and every γp, γq.
The next corollary is a direct consequence of Corollary 4.3 and [21, Theorem 3.2]:
Corollary 4.8 (Weak Ho¨lder continuity of angles). Let τ > 0, R > 1, p, q, x ∈ M∞
with p, q ∈ BR(x) \ BR−1(x) and x ∈ D
τ
p ∩ D
τ
q . Then there exists r = r(n, τ, R) > 0
such that a function Φ(z) = cos∠pzq is α(n)-Ho¨lder continuous on Br(x) ∩ D
τ
p ∩ D
τ
q . In
particular, Φ is weakly α(n)-Ho¨lder continuous on M∞ with respect to any limit measure.
Th next corollary is a direct consequence of Proposition 3.24 and Corollary 4.8:
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Corollary 4.9. Let {(C li , φ
l
i)}l,i be a rectifiable coordinate system constructed by dis-
tance functions on M∞ as in Theorem 2.4. Then M∞ has a weakly C
1,α(n)-structure
with respect to {(C li, φ
l
i)}l,i. Moreover for every p ∈ M∞, drp is a weakly α(n)-Ho¨lder
continuous 1-form on M∞ with respect to {(C
l
i , φ
l
i)}l,i.
Remark 4.10. Let (Y, p) be a Colding-Naber’s example as in Theorem 1.1. According
to [13, Theorem 1.2] by Colding-Naber, we see that Y does NOT have C1,β-structure in
ordinary sense for any 0 < β ≤ 1.
Next, we will discuss the continuity of angles with respect to the Gromov-Hausdorff
topology. Recall that a map φ from a metric space X1 to a metric space X2 is said to be
an ǫ-Gromov-Hausdorff approximation if X2 ⊂ Bǫ(Image(φ)) and |x, y − φ(x), φ(y)| < ǫ
for every x, y ∈ X1.
Proposition 4.11. Let (Y, y) be a Ricci limit space, R > 1, 0 < τ < 1, 0 < β < 1 and
p, q ∈ BR(y) with y ∈ M∞ \ (Cp ∪ Cq ∪ {p, q}). Then for every ǫ > 0, there exists δ > 0
such that the following property holds: Let (Yˆ , yˆ) be a Ricci limit space and pˆ, qˆ ∈ BR(yˆ)
with yˆ ∈ Dτpˆ ∩ D
τ
qˆ \ (Bβ(pˆ) ∪ Bβ(qˆ)). Assume that there exists a δ-Gromov-Hausdorff
approximation φ from (BR(yˆ), yˆ) to (BR(y), y) such that φ(pˆ), p < δ, φ(qˆ), q < δ. Then
we have |∠pyq − ∠pˆyˆqˆ| < ǫ.
Proof. The proof is done by contradiction. Suppose that the assertion is false. Then
there exist ǫ0 > 0, R > 1, τ > 0, β > 0, sequences of Ricci limit spaces {(Yi, yi)}i<∞
and of points pi, qi ∈ BR(yi) such that (BR(yi), yi) → (BR(y), y), pi → p, qi → q, yi ∈
Dτpi ∩D
τ
qi
\ (Bβ(pi)∪Bβ(qi)) for every i and that | cos∠piyiqi− cos∠pyq| ≥ ǫ0 for every i.
Moreover, by Gromov’s compactness theorem, without loss of generality, we can assume
that there exist a limit measure υ on Y and a sequence {υi}i of limit measures υi on Yi
such that υ is the limit measure of {υi}i. By Corollary 4.3, there exists r > 0 such that
(55)∣∣∣∣cos∠piyiqi − 1υi(Br(yi))
∫
Br(yi)
〈drpi, drqi〉dυi
∣∣∣∣+
∣∣∣∣cos∠pyq − 1υ(Br(y))
∫
Br(y)
〈drp, drq〉dυ
∣∣∣∣ < ǫ03
for every i. On the other hand, since drpi → drp and drqi → drq on Y , we have
(56)
∣∣∣∣ 1υi(Br(yi))
∫
Br(yi)
〈drpi, drqi〉dυi −
1
υ(Br(y))
∫
Br(y)
〈drp, drq〉dυ
∣∣∣∣ < ǫ03
for every sufficiently large i. Thus we have | cos∠piyiqi − cos∠pyq| < ǫ0 for every suffi-
ciently large i. This is a contradiction. 
The following theorem is about the continuity of angles with respect to the Gromov-
Hausdorff topology:
Theorem 4.12 (GH-continuity of angles). Let R > 1, β > 0 and 0 < τ < 1. Then for
every ǫ > 0, there exists δ = δ(n,R, τ, β, ǫ) > 0 such that the following property holds: Let
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(Y1, y1) and (Y2, y2) be Ricci limit spaces, and ai, bi ∈ BR(yi) with yi ∈ D
τ
ai
∩Dτbi \(Bβ(ai)∪
Bβ(bi)) for every i = 1, 2. Assume that there exists a δ-Gromov-Hausdorff approximation
φ from (BR(y1), y1) to (BR(y2), y2) such that φ(a1), a2 < δ and φ(b1), b2 < δ. Then we
have |∠a1y1b1 − ∠a2y2b2| < ǫ.
Proof. The proof is done by contradiction. Suppose that the assertion is false. Then
by Gromov’s compactness theorem, there exist
(1) R > 1, β > 0, 0 < τ < 1, ǫ0 > 0,
(2) a Ricci limit space (Z, z), points a, b ∈ Z,
(3) a sequence of Ricci limit spaces {(Zji , z
j
i )}1≤i<∞,j=1,2,
(4) a sequence of positive numbers {δi}i with δi → 0,
(5) sequences of points aji , b
j
i ∈ Z
j
i with z
j
i ∈ D
τ
aji
∩Dτ
bji
∩ (BR(a
j
i ) \Bβ(a
j
i ))∩ (BR(b
j
i ) \
Bβ(b
j
i )),
(6) a sequence of δi-Gromov-Hausdorff approximations φi from (BR(z
1
i ), z
1
i ) to (BR(z
2
i ), z
2
i )
with φi(a1i ), a
2
i < δi and φi(b
1
i ), b
2
i < δi,
such that (BR(z
j
i ), z
j
i ) → (BR(z), z), a
j
i → a, b
j
i → b as i → ∞ for every j = 1, 2
and that |∠a1i z
1
i b
1
i − ∠a
2
i z
2
i b
2
i | ≥ ǫ0. On the other hand, by Proposition 4.11, we have
limi→∞∠a
j
iz
j
i b
j
i = ∠azb. This is a contradiction. 
We end this subsection by giving an application of the weak Ho¨lder continuity of angles
to a bi-Lipschitz embedding from a subset ofM∞ to a Euclidean space. Let (Rk)δ,r = {x ∈
M∞; dGH((Bt(x), x), (Bt(0k), 0k)) < δt for every 0 < t < r }, where 0k ∈ R
k, and dGH is
the Gromov-Hausdorff distance between pointed metric spaces. See also [6, 8, 13, 19] by
Cheeger-Colding, Colding-Naber and Gromov.
Proposition 4.13. Let R > 1, r > 0, δ > 0, τ > 0 and x ∈ (Rk)δ,r. Assume that there
exists {pi}1≤i≤k ⊂M∞ such that x ∈
⋂
i((BR(pi)\BR−1(pi))∩D
τ
pi
) and det(cos∠pixpj)ij 6=
0. Then the map φt = (rp1, . . . , rpk)
√
(cos∠pixpj)ij
−1
from Bt(x) ∩ (Rk)δ,r ∩
⋂
iD
τ
pi
to Rk is an (1 ± Ψ(δ, t;R, β, τ, r))-bi-Lipschitz embedding for every 0 < t < r, where
Ψ(a, b; c, d, e, f) is a positive definite function onR6 satisfying that lima→0,b→0Ψ(a, b; c, d, e, f) =
0 for every fixed c, d, e, f .
Proof. Let υ be a limit measure on M∞. An argument similar to that of the proof of
Theorem 4.4 yields
(57) lim
r→0
1
υ(Br(x))
∫
Br(x)
det(〈drpi, drpj〉)ijdυ = det(cos∠pixpj)ij .
Then the proposition follows from an argument similar to that of the proof of [22, Lemma
3.14]. 
Remark 4.14. Assume (M∞, m∞) is a noncollapsing limit, i.e., there exists a sequence
of pointed n-dimensional complete Riemannian manifolds {(Mi, mi)}i with RicMi ≥ −(n−
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1) such that limi→∞ volB1(mi) > 0 and (Mi, mi) → (M∞, m∞). Then in [5, The-
orem 5.11], Cheeger-Colding showed that for every x ∈ (Rn)δ,r, we have Br/32(x) ⊂
(Rn)Ψ(δ,r;n),r/32. See also [6, Remark 5.15], [12, Theorem B.2] and [13, Theorem 1.1] by
Cheeger-Colding and Colding-Naber for related results.
4.2. Weak Lipschitz continuity of the Riemannian metric on a Ricci limit space.
In this subsection, we will show that the Riemannian metric of a Ricci limit space is weakly
Lipschitz.
Assume that (Mi, mi, vol/volB1(mi))→ (M∞, m∞, υ). The following proposition is an
essential result to get Theorem 1.5. See [24, 25, 26, 27] by Kasue and Kasue-Kumura for
related important interesting results.
Proposition 4.15. Let R > 0 and let {fi}1≤i≤∞ be a sequence of Lipschitz functions
fi on BR(mi) with supi Lipfi <∞. Assume that the following hold:
(1) (fi, dfi)→ (f∞, df∞) on BR(m∞).
(2) There exists r > 0 with r < R such that supp(fi) ⊂ Br(mi) for every i.
(3) |dfi|
2 ∈ H1,2(BR(mi)) for every i <∞, and
(58) sup
i<∞
1
volBR(mi)
∫
BR(mi)
|d|dfi|
2|2dvol <∞.
Then we have |df∞|
2 ∈ H1,2(BR(m∞)) and
(59)
1
υ(BR(m∞))
∫
BR(m∞)
|d|df∞|
2|2dυ ≤ lim inf
i→∞
1
volBR(mi)
∫
BR(mi)
|d|dfi|
2|2dvol.
Proof. [31, Lemma 5.8] by Kuwae-Shioya (or [14, Lemma 5.17] by Ding) yields that
there exists an orthonornal basis {φji}j on L
2(BR(mi)) consisting of eigenfunctions φ
j
i
associate with the j-th eigenvalue λji with respect to the Dirichlet problem on BR(mi)
such that λji → λ
j
∞ and that φ
j
i → φ
j
∞ with respect to the L
2-topology (see [31, Definition
2.3] by Kuwae-Shioya for the definition of L2-topology with respect to the measured
Gromov-Hausdorff topology, or [23]). Put |dfi|
2 =
∑∞
j=0 a
j
iφ
j
i in L
2(BR(mi)) for every
i ≤ ∞. Let L ≥ 1 with
(60)
1
volBR(mi)
∫
BR(mi)
|d|dfi|
2|2dvol =
∞∑
j=0
λji (a
j
i )
2 ≤ L
for every i <∞. [14, Lemma 5.11] by Ding yields
(61)
∞∑
j=N+1
(aji )
2 ≤
1
(λN+1i )
1/2
||fi||L2(BR(mi))||d|dfi|
2||L2(BR(mi)) ≤
C(n,R, L)
N1/n
for every i <∞ and every N . Fix ǫ > 0. Then there exists N0 such that
∑∞
j=N0+1
(aji )
2 < ǫ
for every i < ∞. Since |dfi|
2 → |df∞|
2 on BR(m∞) with respect to the L
2-topology, we
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have
(62) aji =
1
volBR(mi)
∫
BR(mi)
|dfi|
2φjidvol
i→∞
→
1
υ(BR(m∞))
∫
BR(m∞)
|df∞|
2φj∞dυ = a
j
∞.
Thus we have |||df∞|
2−
∑N
j=0 a
j
∞φ
j
∞||L2(BR(m∞)) = limi→∞ |||dfi|
2−
∑N
j=0 a
j
iφ
j
i ||L2(BR(mi)) ≤
ǫ, for every N ≥ N0, i.e.,
∑N
j=0 a
j
∞φ
j
∞ → |df∞|
2 in L2(BR(m∞)) as N → ∞. Since
||d(
∑N
j=0 a
j
iφ
j
i )||L2(BR(mi)) → ||d(
∑N
j=0 a
j
∞φ
j
∞)||L2(BR(m∞)) as i → ∞ for every N , this
completes the proof. 
Corollary 4.16. Let R > 0, L ≥ 1 and let {fi}i be a sequence of Lipschitz functions
fi on BR(mi). Assume that the following properties hold:
(1) fi is a C
2-function for every i <∞.
(2)
sup
i<∞
(
||fi||L∞ + Lipfi +
1
volBR(mi)
∫
BR(mi)
(∆fi)
2dvol
)
≤ L.
(3) fi → f∞ on BR(m∞).
Then we have |df∞|
2 ∈ H1,2(Br(m∞)) for every r < R, and
(63)
1
υ(Br(m∞))
∫
Br(m∞)
|d|df∞|
2|2dυ ≤ C(n, L, r, R).
In particular, we see that |df∞|
2 is weakly Lipschitz on BR(m∞).
Proof. The existence of a good cutoff function [5, Theorem 6.33] by Cheeger-Colding
yields that there exists a sequence {φi}i<∞ of smooth functions φi on BR(mi) such that
||∇φi||L∞ ≤ C(n, r, R), ||∆φi||L∞ ≤ C(n, r, R), 0 ≤ φ ≤ 1, φi|Br(mi) ≡ 1 and supp(φi) ⊂
B(r+R)/2(mi). By applying Proposition 4.15 for φifi, the property of (2) in page 8 and
[22, Remark 4.2], it follows that
(64)
1
υ(Br(m∞))
∫
Br(m∞)
|d|df∞|
2|2dυ ≤ C(n, L, r, R).
On the other hand, Cheeger-Colding proved in [8, Theorem 2.15] that the Poincare´ in-
equality of type (1, 2) on M∞ holds. Thus [3, Theorem 4.14] by Cheeger yields that any
Sobolev function is weakly Lipschitz. Therefore we have the corollary. 
The following is a direct consequence of Corollary 4.16:
Theorem 4.17 (Weak twice differentiability of Ricci limit spaces). Let {(C li , φ
l
i)}l,i be
a rectifiable coordinate system of (M∞, υ). Assume that for every i, l, there exist r >
0, a sequence {xj}j of points xj ∈ Mj with C
l
i ⊂ Br(x∞) and xj → x∞, a sequence
{fj,s}j<∞,1≤s≤l of C
2-functions fj,s on Br(xj) such that supj,s Lipfj,s <∞, fj,s → φ
l
i,s on
C li as j →∞ for every s and that
(65) sup
j,s
1
volBr(xj)
∫
Br(xj)
(∆fj,s)
2dvol <∞,
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where φli = (φ
l
i,1, . . . φ
l
i,l). Then the Riemannian metric g of M∞ is weakly Lipschitz with
respect to {(C li , φ
l
i)}l,i. In particular, M∞ has a weakly second order differential structure
with respect to {(C li , φ
l
i)}l,i.
We now are in a position to prove Theorem 1.5:
A proof of Theorem 1.5.
It follows directly from Theorems 2.3 and 4.17. 
Definition 4.18. We say that a rectifiable coordinate system {(C li , φ
l
i)}l,i of (M∞, υ)
as in Corollary 4.17 is a weakly second order differential structure associated with
{(Mj, mj , vol/volB1(mj))}j.
Assume that {(C li , φ
l
i)}l,i is a weakly second order differential structure associated with
{(Mj , mj, vol/volB1(mj))}j.
Proposition 4.19. Let R > 0 and let f∞ be a Lipschitz function on BR(m∞). Assume
that there exists a sequence {fj}j<∞ of C
2-functions fj on BR(mj) such that supj Lipfj <
∞, fj → f∞ on BR(m∞) and
(66) sup
j<∞
1
volBR(mj)
∫
BR(mj )
(∆fj)
2dvol <∞.
Then f∞ is weakly twice differentiable on BR(m∞) with respect to {(C
l
i , φ
l
i)}l,i.
Proof. The proposition follows from Corolalry 4.16. 
Finally, we end this section by giving the following corollary:
Corollary 4.20 (Weak twice differentiability of eigenfunctions). Let f∞ be an eigen-
function associated with the eigenvalue λ∞ with respect to the Dirichlet problem on BR(m∞).
Then f∞ is weakly twice differentiable on BR(m∞) with respect to {(C
l
i , φ
l
i)}l,i.
Proof. [31, Lemma 5.8] by Kuwae-Shioya (or [14, Lemma 5.17] by Ding) yields that
there exists a sequence {fi}i of eigenfunctions fi associated with the eigenvalue λi with
respect to the Dirichlet problem on BR(xi) such that λi → λ∞ and that fi → f∞ with
respect to the L2-topology. Note that it follows from Cheng-Yau’s gradient estimate [9]
that supiLip(fi|Br(xi)) < ∞ for every r < R. Thus the corollary follows directly from
Proposition 4.19. 
Remark 4.21. See [23, Theorem 1.3] for a generalization of Corollary 4.16 and Propo-
sition 4.19. Moreover, in [23], we will prove that for f∞ as in Corollary 4.20, if M∞
is noncollapsing, then ∆gM∞f∞ = λ∞f∞. In particular, in noncollapsing setting, the
Laplacian defined as in Proposition 3.26 coincides with the Dirichlet Laplacian defined by
Cheeger-Colding in [8] on a dense subspace in L2. See [23, Theorem 1.4] for the detail.
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